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Intermolecular-Force Effects on the
Thermodynamic Properties of Helium
with Application

Epwin F. Harrison*
NASA Langley Research Center, Hampton, Va.

Nomenclature

= speed of sound, cm/sec

second virial coefficient, cm3/mole

third virial coefficient, (cm3/mole)?

fourth virial coefficient, (ecm3/mole)?

= specificheat at constant volume, joules/mole-°K

enthalpy, joules/mole

pressure, atm

gas constant, 82.0567 atm-cm3/mole-°K or 8.31436
joules/mole-°K

entropy, joules/mole-°K

temperature, °K

velocity, cm/sec

compressibility factor

P density, mole/cm?

AE/V = internal energy increment transferred from an electri-

cal discharge to each unit volume of gas, joules/cm?
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Subscripts
0 = initial reservoir conditions
3 = expansion conditions of shock tube driver gas after

diaphragm rupture

ideal-gas conditions

real-gas conditions

stagnation reservoir conditions following an electrical
discharge into a constant volume of gas. ¢ = 4 for
shock-tube applications

<
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Introduction

N gasdynamic research, helium is presently being utilized
as the test gas in hotshot wind tunnels at stagnation
pressures as high as 1500 atm and stagnation temperatures
ranging from 1000° to 4000°K. Helium is also being con-
sidered for usage as the driver gas in electrically-driven shock
tubes at stagnation pressures above 1000 atm and stagnation
temperatures as low as 2000°K. At these conditions, helium
does not obey the ideal-gas equations that are usually as-
sumed. In fact, the values of the thermodynamic properties
of the gas will deviate from the ideal-gas data because of the
effects of intermolecular forces in the gas. The actual
amount of these real-gas effects on the properties of helium
must be known in order to analyze accurately the experi-
mental data obtained from the aforementioned facilities.

Some studies 2 have been made which included inter-
molecular-force (real-gas) effects on the steady-state proper-
ties of helium. First-order estimates of these effects on the
hypersonic nozzle flow parameters have been presented in
Ref. 3. All of these results!—% are based on the Beattie-
Bridgeman equation of state. However, the constants used
in this equation were determined from data at temperatures
up to only about 1000°K. In order to calculate real-gas
effects above this temperature, the virial equation of state
appeared to best represent the state properties of helium
based on the results of Refs. 4-7. Thus, thls equation has
been utilized in the present study.

This paper presents the thermodynamic equations for
enthalpy, entropy, internal energy increment, and speed of
sound based on the virial equation of state. These equa-
tions have been employed to generate thermodynamic data
for helium at pressures up to 3000 atm and temperatures up
to 10,000°K. These real-gas results are presented along with
ideal-gas results to show the contribution of intermolecular

Received June 29, 1964.
* Aerospace Engineer. Member ATAA.

forces to the thermodynamic properties of helium. Also
included in this study is an application of these data to the
performance of a shock-tube driver.

Method

The virial form of the equation of state of a pure gas can be
written as

p = pRT(1 + Bp + Cp* + Dp®) = pRTZ ey

where B, C, and D are virial coeflicients and are functions
only of the temperature and the law of intermolecular force.
Other general thermodynamic equations have been derived
based on Eq. (1). For the derivation of these equations, the
same fundamental equations and method of development as
given in Ref. 3 was used with one exception. The Beattie-
Bridgeman equation of state?® was replaced by the virial equa-
tion of state. Thus, for convenience, only the final derived
equations will be given here. These equations for en-
thalpy, entropy, internal energy increment, and the speed of
sound are, respectively,
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The virial coefficients for helium over a wide temperature
range of 300° to 10,000°K may be expressed in the following
manner:

B = 1.3436 X 102[15.8022 — InT]® —
4.39 exp[— (24177 X 10-9T] (6)

where the term 4.39 exp[—(2.4177 X 1073)T] is negligible
for T > 2000°K, and

C = 9.0263 X 105 [15.8022 — InT]° @
= 7.0341 X 1077 [15.8922 — InT]° ®)

All of these coefficients for helium were determined by Amdur
and Mason* except for the expression B at temperatures be-
tween 300° and 2000°K. In this region the equation for B
was slightly modified by the addition of a negative exponen-
tial term in order to make it agree more closely with some
experimental results.®*~7 However, the equations for C and
D agreed reasonably well with the available experimental
data® even at temperatures as low as 300°K. It should be
noted that the coefficient equations (6-8) are applicable for
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Fig. 1 Effect of internal energy additions on helium
reservoir conditions.

temperatures up to 15,000°K, although the calculations
contained in this paper are limited to only 10,000°K. Since
the virial cofficients are expressed as a simple function of
temperature, the derivatives required in Eqs. (2-5) were
easily determined by direct differentiation.

The ideal-gas equations used in this study were taken from
Ref. 8. These equations were based on the assumptions
that the compressibility factor in the equation of state had
a value of one, and the ratio of the specific heats equaled
% for helium.

Results and Discussion

Figure 1 shows the stagnation temperature and pressure
that may be anticipated for real and ideal helium systems for
a range of internal energy increments and a range of initial
pressures. It may be seen that the energy required to
produce a given stagnation temperature and pressure is con-
siderably less for the real gas than for the ideal gas. However,
in this case, the real-gas initial pressure must be slightly
increased. For example, assume (T)), = (Ty). = 1000°K
and (py)r = (pg): = 2000 atm, then (AE/V), = 0.84 (AE/V);
and (pg)» = 1.06 (po)s. Shown in Fig. 2 is the real-gas com-
pressibility factor and in Fig. 3 is the ratio of the real-to-ideal
gas speed of sound as a function of pressure for various tem-
peratures. Here it can be seen that at low temperatures
and high pressures, which correspond to high densities, the
real-gas compressibility factor as well as the real-gas speed of
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Fig. 2 Effect of pressure and temperature on the com-
pressibility factor of helium.
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Fig. 3 Effect of pressure and temperature on the speed
of sound of helium.

sound may be up to 259, larger than the ideal-gas results.
Hence, Figs. 1-3 illustrate the significance of real-gas effects,
caused by intermolecular forces, on the thermodynamic proper-
ties of helium.

A very interesting application of these results can be made
considering helium as a driver gas in a shock tube. In this
case, the helium expands isentropically and the velocity®
is generally expressed as

w=[1(2) ©

Although Figs. 2 and 3 show that Z, and a./a: can have
values considerably larger than 1, it should be noted that, for
a first-order approximation,

(ar/a:i)/Z, =1 for p,=p; and T,=T; (10)

Using the fact that Z, = p;/p, for these same pressure and
temperature conditions, Eq. (10) may be expressed as

PrOr =2 pi0; 11)

Thus, assuming a given reservoir of helium for which (py), =
(p)s and (T4), = (T4); are isentropically expanded to (ps), =
(ps)s according to Egs. (3) and (9) and the ideal-gas entropy
equation, then the results are (us), =~ (us);. In this case, the
main reason that (us), = (us); is because Eq. (11) may be
utilized in Eq. (9).

In practice, however, the initial pressure and stagnation
pressure are measured instead of the stagnation temperature
and pressure. Under these conditions, it was determined
that the intermolecular forces caused a slight effect on the
value of T, and a larger effect on the value of uz than in the
previous case. These effects still caused the real-gas results
to be only about 3%, greater than the ideal-gas values for
reservoir conditions of py < 150 atm and p; < 2000 atm and
reagonable expansion conditions.

However, real-gas effects become more appreciable for
higher initial and stagnation pressures. For example, assume
(po)r = (po)s = 600 atm and (ps), = (pg); = 3000 atm, then
(T4)r = 110(T4)I and (u‘g)r 2 1.07(%3)2 fOI' (pg), = (p3)i, de-
pending on the expansion length. Hence, real-gas effects
should probably be included in application of helium at very
high initial pressures (i.e., high densities) and high stagna-
tion pressures.
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Chaplygin’s Transformation Applied

to Magnetogasdynamics

E. V. Larrong*
Unaversity of California, Berkeley, Calif.

HE studies’—® concerning two-dimensional magnetogas-
dynamics with infinite conductivity and either an aligned
or a transverse magnetic field seem to have missed the fact
that all of their exact solutions can be derived more easily
by applying the fundamental relations developed by Bers and
Gelbart” and, even more important, the fact that the analytic
continuation through the sonic line should be expressed in
terms of the Chaplygin® transformation ¢ rather than the
canonical transformation S introduced by Christianovich.?
Following Bers and Gelbart,” we note that if we can write
the following expressions in the physical (z, ) plane

Q(g) cosf = 0¢p/ox = P(g)(0y¥/dy)
Q(g) sinf = 0¢/0y = —P(g)(0y/0x)

where P and @ are analytic functions of the velocity magni-
tude (¢) only, then a solution in the hodograph (g, ) plane
may be written as

VG0 = 3 Cutnlg, 0)
m=0

lpn+l = f!l/ndo + f(PQ) ‘ld’ndQ (2)

dP/Q)

g ¥adQ
where ¢, and ¢. represent any solutions of the generalized
hodograph equations

0 _paov 00 dP/QA
o0 oQ oQ dQ o8
For example, taking ¥ = 0 and ¢y = const means that
¥, corresponds to a generalized vortex flow, whereas ¢ = 0
and ¥, = const yield the equivalent of a source or a sink.
Then a superposition of the two solutions gives a spiral type
flow, and so on. The flow about an infinite half-plane, cor-
responding to the Ringleb® solution, is given by

¥ = CQ~1sinf ¢ = CPQ! cosf @

In this same general form the Chaplygin® transformation
may be written as

M

¢n+l - f¢nd0 + fQ

do _ 1 o9 _ _o¢ 2% _ oY
aQ PQ 20 oo de 00
o oY
do? T K3 200 ®)
_ , A(P/Q)
K(e) = —PQ ~a0
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On the other hand, the canonical transformation becomes

as _ _ K 06 _ _ z1p 9¥
aQ -~ PQ 28 o8
(6)
99 _ 2 0¥ 0% o _ 1 dKV*oy
o8 T K kY 282 T 20~ KUz 4S8 o8

The well-known relations for isentropic perfect gas flow are
immediately given by writing

o0 d(P/Q) Po
- p=" = T
Q=g 2o dQ pg* ( )
o o) _ ('
P dq p 7)
v+ 1\ /=1 g
2 <“2—) o + 0(s?)
1 dkv oyt 1 Mt 1 e
e gs = 3 1 — MH%: 38 + 0879

The magnetogasdynamic flow with an aligned magnetic
field, wherein the magnetic field lines are everywhere coinci-
dent with the streamlines, may be written by following
Tur’ev,? for a gas with infinite conductivity, as

B = apq QX (VXq = (pu) B X (V XB)
2 (1 — mp)] = a% [ ~ mp)] ®

where m = a?/u = const. These relations correspond to
Eq. (1) if we write
Q= W+ )Vl — mp) = ¢(1 — mp) ©
P = (p/p)(1 — mp) = (po/p)(Q/q)
so that Eq. (5) reduces to
9B )l = mp(1l — M)
dg  pg
(10)
(™Y 4 _ 1 — mp)® ]_
Ko = (B) 0 - [ =5 | - ke

where K is in agreement with the resuts first given by Iu’rev?
and later by Smith.® The effect of a weak magnetic field is
clearly shown by the series expansion

Ko = <’;),9>2 - [1- 2@ + 0(7) }
1n

Similarly, for the vortex flow we obtain from Eqs. (3) and (9)
=0 Y=o (ao/ax)* = (v + 1)/2

¥ = f [1 o i(lm;VMZ)] ¢ -
(1 + aﬁo) nl:(’)’g 1>1/2§70:l _ i <§0>2 L.

and from Eq. (4) we obtain the equivalent of the Ringleb!
flow as

¢ = (po/ pg)cosh
g = q—1(1 - oip>_lsin = Si—ne[l +% g <a—2">2:|
7 q 7 I
(13)

When the same procedure is applied to the transverse mag-
netic field that is assumed to remain everywhere normal to the



